ABSTRACT
INTRODUCTION
The objective of our work is to bring new tools to interferometric phase restoration from the field of non-linear anisotropic diffusion. Our modeling will account for prior information on the structure of the interferometric phase and on the nature of the phase itself.
Interferograms are signals with a fringe structure inherited from the topography of the surface [1] . Fringes are directional features. Hence, diffusion must incorporate anisotropy. Weickert introduced a framework for anisotropic diffusion of real functions [2] . His approach has already been considered for interferometric phase restoration [3] . Nevertheless, the nature of the phase itself was not accounted for.
Let us prove why adaptation to the phase is necessary. A phase is a representation of an element of the one dimensional manifold known as S 1 , which may be understood as the unit circle in R 2 , that is {(I 1 , I 2 ) ∈ R 2 |I 2 1 + I 2 2 = 1}. Classically it is parametrized by the phase φ ∈ [−π, π[. Such a representation is highly intuitive, but it has a major problem: its discontinuity from −π to π. Algorithms defined over S 1 , such as interferometric phase filtering, should take into account this discontinuity.
In fig.1(a) an interferogram is represented. The transitions from black to white are the mentioned discontinuities. If the phase φ is directly low pass filtered, then they are smoothed (b). Its unwrapping does not represent the original topography any more. This is the phenomenon found in [3] . Instead, if filtering is performed in I 1 and I 2 , then transitions and structure are preserved (c). The unwrapped phase is a low pass filtered version of the unwrap from the original.
Our first contribution is the extension of Weickert's framework to S 1 (section 2). Its continuous structure is explicitly accounted for via the representation (I 1 , I 2 ). Directionality and preservation of transitions are empirically verified.
Our second one is an adaptation of the S 1 framework for interferometric phase restoration (section 3). Progressive re-estimation of directions is necessary in order to help bias. Flat and steep terrain are accounted for via an adaptive combination of isotropy and anisotropy. Robustness against noise and outliers are introduced in our metric. Finally, results are provided on simulated and TerraSAR-X data (section 4).
TENSOR BASED ANISOTROPIC DIFFUSION
In this section a new diffusion process on S 1 is presented. Firstly, the framework of tensor anisotropic diffusion on R developed by Weickert is introduced. Secondly, our equivalent diffusion equations on S 1 are stated and empirically tested. 
Coherence Enhancement Diffusion over R
In [2] Weickert introduced a model for diffusion based on the fully anisotropic equation of Flick. Given a real valued function f (x, y, t = 0), its diffusion is given by
whereD is the Diffusion Tensor, a symmetric positive definite matrix. Let (λ 1 , v 1 ) and (λ 2 , v 2 ) be its pairs of eigenvalue and orthonormal eigenvector. Then div D ·∇f may be rewritten
where P vi (∇f ) is the projection of ∇f over v i . The influence of the gradient ∇f on diffusion is decomposed into two directions, namely v 1 and v 2 , whose degree of influence depends on the eigenvalues associated to them, λ 1 and λ 2 . ThusD introduces anisotropy.
For instance, let
Any function which only depends on y is a stationary solution of the process. Only variations on the x direction are penalized. Diffusion is directionally deviated by the tensor.
Weickert's Coherence Enhancing Diffusion is defined by selecting v 1 and v 2 as the robustly estimated normal and tangent, which in general are not equal to ∇f and its orthogonal. Such estimation is performed based on the Structure tensor. Its eigenvalues are designed to enhance elongated directional structures. Fringes are examples of such structures.
Defining tensor-based diffusion over S 1
In [4] the structure of S 1 is modeled into a continuous differential formulation via its embedding onto R 2 . We have followed the same approach. Our equivalent diffusion framework to eq.1 in S 1 is given by the pair of coupled PDEs Fig. 3 . Eigenvalues of the diffusion tensorD as function of (μ1 − μ2): (blue) CED Weickert's diffusion (λ1, λ2); (red) proposed for phase filtering (λ 1 , λ 2 ). The yellow shadowed area is the purely isotropic one. Anisotropy increases as we separate from this region.
Two terms can be distinguished. On the one hand, the divergence one is the same as if both components were independent. Moreover both diffusions are deviated according to the same directions. It is logic because ∇I 1 ∇I 2 . On the other hand, both equations are coupled through a second term. It is inherent from the formulation and expresses the condition ∀(x, y, t) I
The Structure Tensor on S 1 is an extension of that in R which accounts for the relations between ∇I 1 , ∇I 2 and ∇φ. Let K σ (x, y) be a gaussian kernel of standard deviation σ, * the convolution operator and
where ⊗ is the tensor product. Let its eigenvectors and eigenvalues be (μ i , u i ), such that μ 1 > μ 2 . u 1 is a robust estimation of the local normal direction and u 2 of the tangential. The quantity
2 is a descriptor of the local structural coherence. Its value is higher, the higher is the directionality of the structure.
Following the approach of CED, the diffusion tensorD of its extension to S 1 is analogously defined by
so that diffusion is mainly deviated in the tangential direction in areas which have an elongated directional structure. In the application to interferometry such structures are fringes. The higher the frequency, the higher the structural coherence. Flat areas are characterized by a low structural coherence.
In fig.2 a synthetic test is shown. J ν,σ has been estimated from the noisy data. The black-to-white transitions denote that diffusion occurs indeed in S 1 . Directionality manages to preserve the central fringe structure. Nonetheless, artifacts are generated in the flatter areas. In fact CED diffusion is not designed for such restoration task. An adaptation of the framework to interferometric phase restoration is required.
ADAPTATION TO INTERFEROMETRIC PHASE FILTERING
The extension of CED to S 1 exhibits the directional behavior required to restore the fringe pattern characteristic of interferograms. In this section an extended diffusion specially adapted for interferometric phase restoration is presented. The effect of each of the modifications will be illustrated over a TerraSAR-X interferogram (see fig.5 (a) ).
Iterative tensor estimation and diffusion
Estimating the local directions from the diffused phase ( fig.  2 (c) ) instead of from the original ( fig. 2 (a) ) is more robust. Moreover, estimating them after a shorter diffusion time, when directional bias is smaller, would be much more accurate. Such directional bias can be high if the initial directions estimation is heavily affected by noise and diffusion is performed over a long time (see artifacts in the flat area). As a consequence, the following iterative approach is applied. (ii) Calculate the diffusion tensorD
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In highly noisy scenarios this alternation in estimation and diffusion proves to be key. 1 Results are provided in fig. 5(b) . In the highlighted area, it can be seen that CED only enhances elongated structures. In those areas where there are not such visual features or where the structural coherence is reduced by noise, diffusion does not take effectively place 2 . The regularization or filtering rhythm is not homogeneous.
Isotropy and anisotropy adaptively combined. Constant rhythm diffusion
In regions where the phase is quasi-constant, diffusion should take place isotropically. Nevertheless when the interferogram exhibits a high fringe frequency, it should predominantly follow the local tangential direction. More importantly, both phenomena and their intermediate combinations should take place at the same overall rhythm. The concept of rhythm may be understood as the trace from the diffusion tensor, which is the sum of its eigenvalues. fig. 2 (a)-(b) , with γ = 0.7.
In order to achieve such behavior a new diffusion tensor is defined. Its eigenvalues are given by
Positiveness, directionality and dependency on the local structure descriptor are preserved, while incorporating the diffusion rhythm condition trace(D) = 1. Such combination of isotropy and anisotropy is illustrated in fig. 3 . This new diffusion process will be named Constant Rate Diffusion.
Results are shown in fig. 5 (c). Isotropy is incorporated and combined with anisotropy. Their interaction is more complex than expected. Initially the isotropic mechanism is predominant. After some regularization, the structure is better estimated and diffusion becomes more anisotropic, as it should initially be if there was no noise. This is possible thanks to the iterative scheme, which progressively updates the diffusion tensor. Nonetheless blob-like artifacts still remain in the diffused phase. They are generated in the diffusion process and related to residual pairs which are displaced.
Outlier rejection. Robust estimation.
These blob-like artifacts are outliers according to the metric induced by the tensor. For instance, a variation in the tangential direction within an anisotropic area constitutes an outlier. It biases locally diffusion. Robust estimation is introduced to help its spread [5] . The result is a new diffusion tensor
where we have chosen g(x) = exp −x 2 /(2σ R ) 2 (Leclerc). Diffusion is locally frozen by the stop function, so that outliers do not spread over the image.
A comparison of fig.5 (c) and (d) illustrates how the number of such artificial structures has been notably reduced. A comparison with the original result for CED over S 1 ( fig.5(b) ) proves the enhancement for our application task. 
RESULTS
A comparison of CED diffusion over S 1 and our Robust Constant Rate Tensor-based Diffusion over a synthetic example illustrates the enhancements achieved (see fig. 4 ). The central high frequency fringes have been more accurately reconstructed and without any discontinuity. The low frequency areas do not have any more local directional artifacts and have been analogously regularized. This performance is the combined effect of the three modifications for interferometry. None of them alone is enough. The remaining artifacts are due to border conditions on the structure tensor.
Finally, a complex test scenario has been selected. Our diffusion approach has been applied on an interferogram of the Stromboli volcano (see fig.6 (a) ) heavily affected by decorrelation (99 days repeat pass, see coherence map in fig.6 (b) ). The clear black-to-white transitions in the diffused phase ( fig. 6 (c) ) prove again that the structure of S 1 has been correctly accounted for. Directional filtering has allowed the reconstruction of fringes (see fig. 6 (d) ).
